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Objectives 


After working through this unit you should be able to: 


(i) explain in your own words why it is necessary to employ a limiting 
process in forming a derivative; 
(ii) define the following terms: 
average rate of change, 
instantaneous rate of change, 
derivative, 
derived function, 
differentiable, 
D, D?, D?, etc., where D is the differentiation operator ; 
(iii) differentiate (using the table of standard forms): 
sums of functions, 
products of functions, 
quotients of functions, 
inverse functions, 
exponential and logarithmic functions, 
trigonometric functions, 
composite functions involving any of the above; 
(iv) use the method of logarithmic differentiation to obtain derived 
functions; 
(v) determine the gradient of the tangent to a given curve at any given 
point on the curve; 
(vi) determine the velocity and acceleration of a body, given its position 
as a function of time. 


N.B. 

Before working through this correspondence text, make sure you have 
read the general introduction to the mathematics course in the Study 
Guide, as this explains the philosophy underlying the whole course. You 
‘should also be familiar with the section which explains how a text is 
constructed and the meanings attached to the stars and other symbols 
in the margin, as this will help you to find your way through the text. 
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Average rates of 
change 


12-14 


Instantaneous Velocity 
12.1.2; 12.1.3 


Slope: Tangent 


Derivative 


12.1.4 12.1.4 


Derivative of 
x—x" (x e В) 
wherene Z* 

12.2.2 


Derived Function 
12.2.1 


Differentiation of 
Polynomials 
12.2.2 


Differentiation 


Operator 
12.2.3 


Differentiation of 
Sums, Products, 
Quotients and 

Composite Functions 
12.2.4; 12.2.5; 12.2.6 


Differentiation of 
Inverse Functions 
12.2.7 


Derivative of other 
Trigonometric 
Functions 

12.3.1 


Derivative of 
.Xı— sinx (x€ R) 
12.3.1 


Derivative of 
Logarithmic Function 
12.3.2 


Derivative of 
Exponential Function 
123:2 


Derivative of 
х» Х" with 
appropriate domain 
12.3.2 


Logarithmic 
Differentiation 
12.3.3 


Appendices 
12.5 


Glossary 


Terms which are defined in this glossary are printed in CAPITALS. 


ACCELERATION 


AVERAGE RATE 
OF CHANGE 


AVERAGE VELOCITY 


CHAIN RULE, 
COMPOSITE 
FUNCTION RULE 


DERIVATIVE 


DERIVED FUNCTION 


DIFFERENTIABLE 


DIFFERENTIATE 


DIFFERENTIATION 
OPERATOR 


FUNCTION OF A 
FUNCTION RULE 


INSTANTANEOUS 
RATE OF CHANGE 


INSTANTANEOUS 
VELOCITY 


INVERSE FUNCTION 
RULE 


vi 


ACCELERATION is the rate of change of VELOCITY; it 
is the DERIVATIVE of the function: 


time +—— velocity. 


The AVERAGE RATE OF CHANGE of the image of a 
function f over an interval [x,, x5] in its domain is 


fe) — fon) 


X53 — X1 


The AVERAGE VELOCITY over the time interval [f, , t2] 
is 


distance travelled in [t, , t2] 


duration of (t, , t2] 


The COMPOSITE FUNCTION RULE (also called the 
CHAIN RULE ОГ FUNCTION OF A FUNCTION RULE) states: 


(fog) -(f'eg)xg 


where f and g are DIFFERENTIABLE functions. 


The DERIVATIVE of a function f at t is 


. . f(t th) — f(t) 
imit — — — —— ———. 


h-0 h 


1 


The DERIVED FUNCTION of a function f is 
f':x —— DERIVATIVE of f at х. 


The domain of f’ is the subset of the domain of f 
consisting of elements at which f is DIFFERENTIABLE. 


A function is said to be DIFFERENTIABLE at those 
points of its domain at which the DERIVATIVE exists. 
If no points of the domain are mentioned, we mean 
that the function is differentiable at all points of its 
domain. 


To DIFFERENTIATE a function is to find its DERIVED 
FUNCTION. 


The operator D: f> f' (fe set of real functions) 
is called the DIFFERENTIATION OPERATOR. 


See COMPOSITE FUNCTION RULE. 


The INSTANTANEOUS RATE OF CHANGE of a function, 
f, at the element x in its domain is f'(x). 


The INSTANTANEOUS VELOCITY of an object at time 


tis lim (average velocity over [t, t + h]) 
h~O 


The INVERSE FUNCTION RULE states: if fis a one-one 
function with inverse g, then 
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Page 


45 


1,3 


33 


11 


17 


17 


17 


23 


11 


4l 


LOGARITHMIC 
DIFFERENTIATION 


MAGNIFICATION 


PRODUCT RULE 


QUOTIENT RULE 


RATIONAL FUNCTION 
REAL FUNCTION 


SECOND DERIVED 
FUNCTION 


SIMPLE HARMONIC 
MOTION 


SLOPE OF TANGENT 


STANDARD FORMS 


TANGENT 


VELOCITY 


LOGARITHMIC DIFFERENTIATION is a method of 
DIFFERENTIATING a product of functions, fgh say, by 
writing the product in the form: 


Jgh = exp (In + Ing + In A) 
or 
In (fgh) = In f + Ing + In A, 
before differentiating. This gives: 
Uy f gH 
Gu {==} 


The MAGNIFICATION (SCALE FACTOR) of an object is: 


size of image 
size of original 
The PRODUCT RULE states: 


(fg) =f'g+ ef 


where f and g are DIFFERENTIABLE functions. The 
domain of ( fg)’ is the intersection of the domains of 


f' and g’. 
The QUOTIENT RULE states: 


"E 


g g 


where f and g are DIFFERENTIABLE functions. The 


domain of 


7 is the subset of the intersection of 
& 


the domains of f' and g' consisting of all those 
elements, x, at which g(x) 4 0. 


A RATIONAL FUNCTION is a quotient of polynomial 
functions (see Unit 1). 


A REAL FUNCTION is a function whose domain and 
codomain are subsets of R. 


The SECOND DERIVED FUNCTION of a function f is 
the DERIVED FUNCTION of the derived function of f; 
that is: f": x ——* DERIVATIVE of f ' at х. The domain 
of f" is the subset of the domain of f" consisting of 
elements at which f’ is DIFFERENTIABLE. 


SIMPLE HARMONIC MOTION is an oscillatory motion 
in which the ACCELERATION at time t is proportional 
to the displacement at time t. The displacement, x, 
is of the form: 

х= хо + asin b(t — fo), 


where a and b are constants and tọ, x, are the initial 
time and the initial displacement respectively. 


The SLOPE OF THE TANGENT (if it exists) at x to a 
curve specified by the equation y = f(x) is f (х). 


STANDARD FORMS are expressions for DERIVED 
FUNCTIONS of polynomial, rational, trigonometric, 
exponential and logarithmic functions. 


The TANGENT (if it exists) at x to the curve specified 
by the equation y = f(x) is the straight line which 
touches the curve at (x, f(x)). 


See AVERAGE VELOCITY and INSTANTANEOUS 
VELOCITY. 
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Notation Page 
The symbols are presented in the order in which they appear in the text. 
55] The interval (x:xe R, x, € х < x5, with x < x5]. 2 
А, The finite difference operator. 4 
w(t,, tz) The average velocity over the time interval [t,, t2]. 7 
R* The set of positive real numbers. 8 
lim f(t) The limit of the function f near the point 0. 9 
R- The set of negative real numbers. 9 
Rò The set of positive real numbers together with zero. 10 
Г) The derivative of f at t. : 11 
= Alternative notation for f'(x), where f:x'———» y. 11 
f The derived function of f. 11,17 
(x——— x*y The derived function of x ——» x*. . 20 
F The set of all real functions. 23 
D The differentiation operator. 23 
^ “and”. 24 
feg The composite of the functions f and g. 24, 30 
F, The image of F under the operator D. 26 
f (g(x) The image of x under f o g. 30 
r? The function r? :x— r(x) x r(x) (x € К), 37 

where пх r(x) (xeR). 
: The function x+—>—— (xe R A wx) z 0), 37 
v v(x) 

where v:+— (x) (хє К). 
exp The exponential function. 48 


In The natural logarithm function. 49 
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12.0 INTRODUCTION 


In this unit we shall be concerned with change, and, in particular, the 
rate at which things change. 


Everything in the physical world about us is changing, sometimes rapidly, 
sometimes very slowly. We know, for example, that plants are growing; 
so their sizes are changing, albeit very slowly. We know too that an insect's 
wings move as it flies, even though they usually beat so rapidly that it 1s 
impossible for us to follow the movement with our eyes. An intermediate 
example is the movement of a motor car. Here it is the position of the car 
that is changing, and we have an instrument in the car which measures 
the rate of change of position, namely the speedometer. 


The general aim of this unit is to set up a mathematical scheme for 
describing and measuring rates of change. Because everybody has some 
familiarity with velocity and acceleration, we have chosen motion as our 
starting point. The ideas we shall develop are, however, of great generality. 
They are used not only in kinematics (the study of velocities and accelera- 
tions) but also in studying many other types of rate of change, such as the 
rate of population growth; the rate at which the boiling point of water 
changes with height on a mountain; the rate at which the temperature in a 
room decreases with distance from a radiator, and so on. In the first 
section we are mainly concerned with the mathematical description of these 
rates of change, that is, with the concept of the derivative of a function. In 
the second and third sections we establish some rules for finding 
derivatives. 


As we remarked in Unit 9, our notation for the calculus is different from 
the classical notation which is used in most textbooks; our notation is 
consistent with our basic approach to mathematics through the concept 
of a function. Once you have mastered the basic principles, there is no 
objection to your using the traditional Leibniz notation which is discussed 
in Appendix I on page 56. 
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Introduction 
x* 


Leibniz 
(1646-1716) 


(Mansell) 


12.1 RATES OF CHANGE 


12.1.1 Average Rates of Change 


We have already discussed the concept of average velocity in Unit 7, 
Sequences and Limits I. The purpose of this sub-section is simply to remind 
you how average velocity is defined, and to consider some of the conse- 
quences of the definition. 


To illustrate the idea of average velocity, suppose you made a car journey 
from London to Edinburgh and recorded the total distance covered at 
hourly intervals. The recorded data might be given in the following table: 


Time (h) Distance (km) 


0 
15 
110 
200 
240 
300 
390 
480 
570 
600 


МО Со з С л & шэ [э но 


The table shows that at time 0 the distance travelled is 0, where time 0 is 
the time at which the journey begins. After one hour the car has covered 
15 km. After two hours it has covered 110 km, i.e. in the second hour it has 
covered 95 km. In the third hour it has covered 90 km, but in the fourth 
and fifth hours it has only covered 40 and 60 km respectively—perhaps 
you stopped for lunch. Then the car covered 90 km in each of the sixth, 
seventh and eighth hours of the journey. In the ninth hour it only covered 
30 km; perhaps the traffic was heavy near Edinburgh. 


In discussing your trip to Edinburgh with a friend who has made a similar 
long journey you might wish to compare your average velocity with his. 
To calculate it you would divide the distance travelled by the time:* 


distance travelled 
time 


average velocity — 


|. 600km 
—— Uh 


= 66.7 km/h. 


Alternatively, you might wish to compare your average velocities over 
different parts of the journey ; for example: 


distance travelled 


average velocity over first 3 hours — 2 
time 


. 200km 
—— 3d 


— 66.7 km/h 


* Velocity means speed in a known direction. Here we assume that the road is straight so 
that only two directions of motion are possible; away from London and towards it. We 
distinguish them by giving the velocity a positive sign for motion away from London, and 
a negative sign for motion towards it. 
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12.1.1 


Discussion 
ж ж 


Table I 


600 km — 390 km 
9h—6h 


average velocity over last 3 hours 


210 
3 uh 


II 


= 70 km/h. 


In each case the method of calculation is an application of the formula 
given in the Introduction to Unit 7, Sequences and Limits I: average 
velocity over time interval [t,, t5] is 


distance travelled in [t,,t,] х, — x, 


duration of (t, , t] to — ty 


where x, and x, are the distances from London at the times t, and t, 
respectively. The essential restriction on t, and t, (apart from the obvious 
one that they must be among the instants for which the distances of the 
car from London are given) is that they must be different ; that is, t, > t,, 
for if t; = t,, then the fraction in Equation (1) has denominator zero, 
and fractions with zero denominator have no meaning. We shall return 
to this important point in section 12.1.2. 


distance in km 


Edinburgh 600 


500 


400 


300 


200 


London 


шл+{---------------------------------- 
@----------------------------------------------Ф 
чч+--------------------------------------------------------@ 


о-----------------------Ф 
ь{---------------------------Ф 


№ 4------------ө 
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Equation (1) 


@-------------------------------------------------------------------4Ф 


(О-----------------------------------------------------------------------@ 


time in hours 


Average velocities have a very convenient representation in terms of 
pictorial graphs. The figure below shows how we can use the graph to 
calculate the average velocity over the time interval [6,9]. In the right- 
angled triangle ABC, the side AB corresponds to a time, 3 hours, and BC 
corresponds to a distance, (600 — 390) km = 210 km. The magnitude of 
the average velocity over [6, 9] is 210 which is the slope of AC (i.e. tan CAB). 


distance in km 


Edinburgh 


> 


K 


London 


OQ) PAESE EE E saben close asa E 


Similarly, the magnitude of the average velocity over any time interval, 
[ti, t2], as given by Equation (1), is the slope of the straight line joining 
the two points on the pictorial graph corresponding to t, and f,; the unit 
of the average velocity is km/h. 


distance 


Slo) X274 — A4---4----,—- 
dis 


The concept which underlies average velocity can be generalized to many 
other situations, if we first pick out its essential feature with the help of 
the concept of a function. In the example of the car journey, the relevant 
function is the one tabulated in Table I: 


f: (time since start) (distance travelled). 
In terms of this function, the formula for average velocity is: 


SF (tz) — Р) 


average velocity over the interval [t;, t5] = - 
pm 


[^] 
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Equation (2) 


600 


time in hours 
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Expressions of the type used in Equation (2) can be useful for many 
other situations involving rates of change. For example, f(t) may represent 
the quantity of water in a reservoir at time t. In this case, the expression 
on the right of Equation (2) has the interpretation 


change in quantity of water in 
fit) — ft) _ reservoir during [t, , t5] 
5 — tj duration of [t, , t2] E 


That is, it gives the average rate at which the quantity of water in the 
reservoir changes during [t,,t,]. As another example, f might be the 
function: 


f:(depth below sea level)-— (hydrostatic pressure) 


(at some particular time and place). In this case, if d; and d 2 are two depths, 


Sea level 


d 


1 
Pressure f (d) 
De 42 


9-0; 
Pressure f (d2) | c 


then 


f(d5) — f(d,) . corresponding change in pressure 
doo change in depth 


— average rate of change of pressure with depth. 


The value of this fraction is roughly 0.1 atmosphere per metre. An 
aquanaut can use this value to deduce his depth changes from measured 
changes in pressure. 


In general, if f is any real function (ie. a function whose domain and 
codomain are subsets of R), we define: 


Average rate of change of f(t) over the interval [t, , t5] is Definition 1 


Р) — fi) 


t; — t, 


Exercise 1 Exercise 1 
(3 minutes) 
Add a third column to Table I (reproduced below), showing the first 


differences of the tabulated values of the function f, with domain [0, 9], 
defined by: 


f:(time since start) (distance travelled). 


(See Unit 4, Finite Differences for the definition of first differences, and 
also for the notation A,.) 
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Time (h) Distance (km) First Difference (km) 


0 
15 
110 
200 
240 
300 
390 
480 
570 
600 


ошо з Сс ол Бо [ә _— © 


(i) What is the interpretation of the numbers in the third column in 
terms of average velocity? 
(ii) How is the function A, f connected with average velocity? 


1 
(iii) If we define pont to be the function: 


E Ut + h) — f(t)}(te[0,9 — h]), where 0 < h < 9, 


how is this function connected with average velocity? a 
12.1.2 The Need for Instantaneous Velocities 12.1.2 
The average velocities obtainable from the data given in the last section Discussion 


ж ж 


give only a very crude indication of the speeds at which the car travels 
during the journey. For example, the car took one hour to cover the first 
15 kilometres. Was this a relatively steady 15 km/h or did the car travel 
at 30km/h for roughly half the time and spend most of the other half 
standing in traffic jams? 


There is no way of answering this question from the data given in Table I 
of the preceding section. To answer it we would need more detailed 
information, such as a table showing the total distance after each minute 
of the journey, instead of each hour. Here is part of a hypothetical table of 
this kind for the London—Edinburgh journey : 


Time (min) Distance (km) 


сх л & ш) мо CO 
© 
еМ 


60 15.0 


rom such a table we can calculate average velocities just as before; for 


It looks as though there was a traffic jam 0.6 km from the starting point. 
xample, the average velocity during the third minute was 0.25 km/min, (continued on page 6) 


Solution 12.1.1. 


Time (h) Distance (km) First Difference (km) 


0 0 15 
1 15 95 
2 110 90 
3 200 40 
4 240 60 
5 300 90 
6 390 90 
7 480 90 
8 570 30 
9 600 


(i) The numbers in the third column are the average velocities (in km/h) 
during the hour in question: 15 km/h during the first hour, 95 km/h 
during the second hour, etc. (This is because the intervals are each of 
length one hour. If they were each of length two hours, for instance, 
we would have to divide the first differences by two to get average 
velocities.) 

(ii) A, f(t) is the average velocity during the time interval [t,t + 1]. 
Again, it is the subscript 1 that allows us to identify A, f(t) with average 
velocity. If we change the interval h, then the average velocity becomes 


1 : à я 
nae f(t), not just A, f(t). (Notice that in this case A, is defined for 
[0, 8] only.) 


1 
(iii) т^ h f(t) is the average velocity during the time interval [t,t + h]. M 


(continued from page 5) 


that is, 15 km/h. But once again, such average velocities give only a rough 
idea of the speed of the car as measured by the speedometer. Was the speed 
during this third minute a steady 15 km/h, or did the driver accelerate to a 
much higher speed during the first part and then brake sharply? The 
table above enables us to locate the traffic jams (assuming that they cause 
the stationary periods) but it gives very little information about how the 
driver used his brakes, for instance. 


To give information about driving habits, the distance function would 
need to be tabulated with an even smaller time spacing; probably a table 
showing the distance travelled after every second of the journey would be 
adequate to provide this type of information. Here is a small part of such a 
hypothetical table: 


Time (s) Distance (m) 
150 570 
151 585 
152 595 
153 600 


The average velocity during the one-second interval [150, 151] is 15 m/s 
(54 km/h); during the next interval it is only 10 m/s, and in the following 
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Solution 12.1.1.1 


interval it is 5 m/s, indicating that the driver braked sharply (or had a 
collision). 


In Unit 7, Sequences and Limits I, we pointed out that if the occupants of 
the car had been unfortunately involved in a collision, then even the average 
velocity over the last second before impact would not be of direct interest 
to them. If the driver were braking sharply during the last second, the 
actual impact would occur at a speed of several kilometres per hour less 
than the average speed during the last second, and these few kilometres per 
hour could make a vital difference to the outcome. Clearly then, there are 
some purposes for which even a one-second time interval is too long for 
the computation of a meaningful average velocity over that interval. 


It appears from this discussion that to answer any particular question 
involving velocities (Was the car involved in an accident? Was the driver 
heavy on his brakes? Did the driver accelerate rapidly?) we can, in theory, 
always find a time interval short enough for average velocities over that 
interval to be useful in discussing the question. It would obviously be 
desirable to have a definition of velocity that could be guaranteed in 
advance to satisfy all the demands that might be made on it, instead of 
possibly having to be adjusted after some new demand became known. 
That is, we would like to contract to zero the duration of the time interval 
used in defining velocity, making it not the average velocity over an interval, 
but an instantaneous velocity. 


A first attempt at such a definition might be to use a time interval of zero 
duration in the formula for average velocity. Things are not that easy, 
however. The average velocity over the time interval [t, , t5], which we shall 
in future denote by w(t; , tz), was defined in Equation 12.1.1.2 by: 


fita) — f(t) 
Жы ж ш 
t-t 
where f is the function: 
f: (time since starting)——— (distance travelled). 


If we try to use a time interval of zero duration, then we have t, — t; and 
f(t1) = f(t2), so that the fraction on the right-hand side of the equation 


turns into the expression 0° which is meaningless, since division by zero 
is not defined. 


Exercise 1 


What is the fallacy in the following argument? 


Let 
x—landy-1l, 
so that 
х = y 
Then 
x? — у? = xy — у? 
ie. 
(x — y)(x + у) = (x — y)y. 
So 
(x + у) = у (after cancelling by the factor (x — y)) 
ite! 


2=1 (since x = 1 and y = 1). [| 
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Exercise 1 
(2 minutes) 


Solution 1 


Cancelling a factor in an equation is the same as dividing throughout by 
the factor, and is not permissible when that factor is equal to zero. For 
example, 3 x 0 = 2 x 0, but 3 ¥ 2. Thus, the correct deduction to make 
from the equation 


(x — у)(х + у) = (х — y)y 
iS: 
x+y=y,ifx—y#0; 


but in this case 


so that the deduction x + y = y cannot be made. E 


12.1.3 The Definition of Instantaneous Velocity 


In the previous section, using average velocities over shorter and shorter 
time intervals, we obtained expressions for average velocities which be- 
came increasingly satisfactory as the time intervals decreased, in the sense 
that they gave us more and more information. We could regard these 
successive average velocities over smaller and smaller intervals as succes- 
sive approximations to the velocity at a particular instant. Successive 
approximation procedures were considered in Unit 7, Sequences and 
Limits I, and we saw there how to define a number called the limit of a 
real function. In the present case the approximation depends on the 
duration of the time interval [t; , t5]. If we denote the duration t; — t, by h, 
then t, = t, + h, and we can define the function g by: 


f(t, +h) — f(t) 
h 


g:ht— w(t,,t, + h) = (he subset of R*) 

We are interested in the limit of g near 0, which we shall define to be the 
instantaneous velocity at t,. Similarly, the instantaneous velocity at t; 
can be defined by the limit near 0 of the function: 


ft) —f(t —h) 
h 


g:h—> w(t, — h, t2) = (Л € subset of А). 


i o ; 
To see how this limit can be used to avoid the 0 difficulty, try the following 


exercise. 


Exercise 1 


Galileo is (apocryphally) said to have tested the law of gravity by dropping 
objects of differing weights from the Leaning Tower of Pisa; we shall 
consider a similar experiment. Assuming that after the object has fallen for 
t seconds it has fallen exactly 5t? metres, and that it takes exactly 3 seconds 
to reach the ground, find the average velocity 


(i) over the last second of fall; 
(ii) over the last tenth of a second; 
(iii) over the last hundredth of a second. 
What is the instantaneous velocity at the moment of striking the ground? 
Can you find a formula for this? | 
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Solution 1 


12.1.3 


Discussion 
* * 


Equation (1) 


Equation (2) 


Exercise 1 
(3 minutes) 


We can rewrite the definition of average velocity in Equation (2) in the 
following way : 


f(t. — h) — f(t2) 
—h 


gehe 


(h e subset of R*). 


If we now put h = —k, this becomes: 


sis + - — Sts) (k e subset of R`, the set of all 


negative real numbers), 


and we see that this has the same form as Equation (1), except that the 
domain consists of negative numbers instead of positive numbers. So if 
we consider the function: 


g:ht—>w(t,t +h) (hesubset of А, h 5 0), 


then its images give the average velocity over a time interval of length h, 
beginning or ending at time t, depending on whether h is positive or 
negative. Although 0 does not belong to the domain of this function, the 
function can have a limit near 0. 


w(t,t+h) 


gap in curve 


In Unit 7, Sequences and Limits I, we defined the limit to be the number, 
L, (if it exists) such that for each positive number є, however small, there is 
a positive number ò such that the image of the set {h:—6 < h < д and 
h # 0} is a subset of [L — е, L + е]. The value of this limit is called the 
instantaneous velocity at time t. If we write v(t) for the instantaneous 
velocity at time t, this definition takes the form 


f(t +h) — f(t) 


с=п 
сы 
: 1 
— lim E 
n2o|h 
Exercise 2 


Find the instantaneous velocity at time t of a car which moves in such a 
way that its distance from some fixed point on the road it travels is at? 
where a is some positive number. m 
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Main Text 


ka 


Definition 1 


Exercise 2 
(3 minutes) 
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Solution 1 Solution 1 


The average velocity over the last h seconds of fall is, for h > 0, 
distance travelled in [3 — h, 3] 
w(3 — h, 3) = : 
duration of [3 — h, 3] 
_ 5x 37-5 х (3 — hy? 

= h 
45 — 5 x (9 — 6h + h?) 

h 


_ 30h — Sh? 
e h 


— 30 — Sh. 


(This last line can only be obtained from the previous one if we assume 
h ¥ 0, since we cannot divide by zero.) 


So the function we are interested in 
is: 


g:h+—> 30 — 5h (he R:0 « h < 3). 
The average velocity over the last second (h — 1) is 
w(2, 3) = 30 — 5 = 25 m/s. 
The average velocity over the last 15 second (h = 0.1) is 
w(2.9, 3) = 30 — 0.5 = 29.5 m/s. 
The average velocity over the last тос second (h = 0.01) is 
w(2.99, 3) = 30 — 0.05 = 29.95 m/s. 
Taking the limit of g near 0 gives the instantaneous velocity at 3 seconds 
as 


lim* (30 — 5h) = 30 m/s. 
h~>O* 


Notice that this is not the same as g(0), because g(0) does not exist. Of 
necessity the domain of g does not include 0; 


the simple expression 
30h — Sh? 


30 — 5h arises from . and the latter expression becomes 


meaningless if we set h = 0. Bi 
Solution 2 Solution 2 


The position of the car at time t is given by the function 


f:t——— ab (te R$, the set of all non-negative real numbers). 


For any t in Ro, the average velocity of the car over a time-interval 
[t,t + h], h > 0, is given by: 
a(t + h? — at? 


w(t,t + h) = р 


a(t? + 3t7h + 3th? + h?) — at? 
h 


= 3at? + (За + ah?) (he R,h > 0) 
The velocity at time t is then given by 
u(t) = lim w(t, + h). 
h-*0 
It should be intuitively clear that v(t) = 3at? (t€ А), since the terms Загл 
and ah? tend to zero as h tends to zero. | | 


* We use the notation lim. rather than lim. because here we have a “one-sided limit”: 
һ-+0 + h-0 


that is, h is essentially positive and so h can only tend to 0 via positive values. 


12.1.4 The Derivative 


Just as the idea of average velocity can be generalized to give a definition 
of average rate of change for any function, so the idea of an instantaneous 
velocity can also be generalized to give a definition of rate of change of a 
real function having no direct connection with kinematics. As in the 
discussion of average rates of change, all that we have to do is to apply the 
same formula as in the definition of instantaneous velocity, and call the 
analogue of instantaneous velocity the (instantaneous) rate of change. That 
is to say, if f is any real function, we can define the (instantaneous) rate of 
change of f(x) at the element x in the domain of f, to be the number 


li A,f (x) 
im 


ho Й 


provided that this limit exists. This rate of change at x is usually called the 
derivative of f at x and it is denoted by f'(x). Thus the velocity of a car t 
seconds after the start of its journey is equal to the derivative at t of the 
function (numbers of seconds since starting)—— (distance since starting). 
There are other notations for the derivative: in the most important of 
df (x) 
dx 
is discussed in Appendix I, but familiarity with it is not essential to the 
Foundation Course. 


them, the Leibniz notation, we write 


in place of f'(x). This notation 


Like the average rate of change, the instantaneous rate of change, or 
derivative, has a very useful interpretation in terms of a pictorial 
graph of the function. We have already seen that the average rate of 
change of f (t) over an interval [t;, t, + h] equals the slope of the straight 
line joining the points on the graph corresponding to t, and t, + h. 


f(t) 


t«h 


When h is positive 


f(t) 


f(t) - f(t;+h) = -Ap f(t) 


When h is negative 
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Main Text 


жж ж 


Definition 1 


жж ж 


Notation 1 


жх ж 


To obtain the derivative at t,, we let the magnitude of h get smaller and 
smaller. In the above figures the point denoted by Q then slides (like a 
bead) along the curve towards the point P which remains fixed. Corre- 
sponding to the first diagram, three successive positions for Q are shown 
below, labelled Q,, Q,, О›. (We have spaced the points generously round 
the curve, so that the figure is clear.) The corresponding positions for the 


f(t) 


straight line PQ are also shown. As Q approaches P, the line rotates about 
P, and approaches a limiting position which we define to be the tangent to 
the curve at P. It follows that when is very small, the slope of the line PQ 
is very close to the slope of the tangent at P, and consequently that the 
limit of the slope of the line PQ near P is equal to the slope of the tangent 
at P. 


f(t) 


Line PQ 


tangent 
atP 


em E зе 


In symbols, using Definition 1, we have: (slope of tangent to graph at 
P) = (derivative of function at t,) 

The geometrical interpretation of the derivative is very useful, not only in 
geometry. We shall use it frequently when discussing applications of the 
derivative; for example, when obtaining approximations to real functions 
(Unit 14, Sequences and Limits 11) and when finding the maximum and 
minimum values of the images of real functions (Unit 15, Differentiation 
II). 

There are functions whose graphs do not have tangents at every point. For 
example, the graph of the function 


ГЭЕ (x eR) 


does not have a tangent at (0, 0). 
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Definition 2 


f(x) = Ixl 


o 


Youcan see this by considering the slope of the line OQ as Q approaches the 
origin, O, where Q isa point on the graph. Consider first the case in which Q 
is a point on the graph of the function x——> — x, and then that when Q is 
a point on the graph of the function х x. The slopes of the lines are 
respectively — 1 and +1; the tangent at (0, 0) does not exist. We have 
pod. a 2 
1 


= . does not exist. 
n~o Й —lifx <0 h-0 


We say that the derivative of f at 0 does not exist. 


The illustration below shows the graph of another function which has a 
tangent at each point, except at (t, f(t,)). Again, the derivative of the 
function at t, does not exist. 


f(t) 


graph of f 


Exercise 1 


Which of the following statements are true? 


(i) The tangent to a curve at P cannot cross the curve 

абрї TRUE/FALSE 
(ii) The angle between the tangent to a curve at P and 

the horizontal axis is the limit, as Q approaches P 

along the curve, of the angle between the line PQ 


and this axis. TRUE/FALSE 
(iii) The tangent to a curve at P may be defined as the 

straight line that meets the curve only at P. TRUE/FALSE 
(iv) If f is continuous at every element in its domain 

there is a tangent at every point on its graph. TRUE/FALSE 

(See Unit 7, Sequences and Limits I for the defini- 

tion of continuity.) ш 
Exercise 2 


Show that the derivative of a constant function at any element in its 
domain is 0. | 
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Exercise 1 
(4 minutes) 


Exercise 2 
(3 minutes) 


FM 12.1.4 


Solution 1 Solution 1 


(i) FALSE. Consider, for instance, our example of a car whose position 
is described by 


[uc (Рев), 
We found that 

Г = За (єк). 
Similarly, for the function 

g:t——9 at? (te R) 
we can show that 

g(t) —3at? (гє А). 


The derivative of g at 0 is therefore zero, so the tangent at this point is 
the t-axis, which crosses the curve specified by y = g(x) at (0, 0). 


f(t) 


fite at? 


tangent at P 


(ii) TRUE, whenever the tangent at P exists. 
(iii) FALSE. Consider the following diagram: 


f(x) 


Curve A 


Line B meets the curve A only at Q, but the tangent to the curve at Q 
does not exist. Line C meets the curve A at P, Rand S and is a tangent 
to the curve at S. Line D meets the curve A at T only, but it is not the 
tangent to the curve at T. 

(iv) FALSE. Consider the modulus function again: 


Jet xs acd 


f(x) =|x| 


This function is continuous at every element in its domain, and in 
particular at the origin, O. But 


A,f(0) 0 + А) — f(0) | Lifh 0 
h h = l-iifh<0 


so there is no number L for which 


mo = L 


hoo h 


Solution 2 


Let f:x'—— a (x € R) where a is апу real number. Then, for all xe R and 
all non-zero he R, we have: 


A.f(x) — f(x + h) — f(x) 


h h 
БЕ 87 
h 
= 0. 
Thus, 
f(x) = lim 0 
h~0 
= 0. Е 
Exercise 3 


If f is defined by 
f(t) = 5? (гє К), 


find f (t). (You have solved а similar problem in Exercise 12.1.3.2) [ES] 


Exercise 4 

Sketch the graph of 
ftr (гє А). 

Find f'(t) and evaluate 
710—3), F'O) and f'(2). 


What can you deduce about the slopes of the tangents to the graph of 
fat —3,0 and 2? 


Sketch these tangents on your graph. m 
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Solution 2 


Exercise 3 
(3 minutes) 


Exercise 2 
(2 minutes) 


Solution 3 


For all t e R, and all non-zero he R, we have: 


Aft) _ ft +h) — fo 


h h 
SEER = S 
= h 
= 10t + 5h 
Thus 
f(t) = lim (10t + 5h) 
h~O 
= 10t. m 
Solution 4 


Again, for all t e R and all non-zero / e R, we have: 


Af) — f(r bh) — f) 
h h 


E =e 
E h 
= 2t +h. 
Thus, 
f(t) = lim (2t + h) 
h-*0 
= 2[, 
In particular, 
з) RI =6; 
f'(0) = 0, 
РО) = 4; 


so the slope of the tangent of the graph is negative at — 3, zero at 0 апа 
positive at 2. 


Your graph should look something like this: 
f(t) 


(-3,f (-3)) 


(2,1(2)) 


tangent 
at-3 


t-axis is tangent at O t 
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Solution 4 


12.2 THE RULES OF DIFFERENTIATION 
12.2.0 Introduction 


We have already indicated the wide range of applications of the concept 
of derivative which we defined in the preceding section. To make full use of 
this concept we need to look at some of the properties of the derivative. 
The first fruits of this study will be a set of rules which will enable us to 
calculate derivatives of functions quickly and easily, without having to 
go back to the definition every time. 


12.2.1 The Derived Function 


We start with the definition of the derivative of a real function, f, at x: 


fG) = lim SLO) р FO +H) ЛО) 


hoo h h~0 h 


The derivative is a number; however, since this number depends on the 
value of x, we can use the notion of derivative to define a function. This 
function maps x to the value of the derivative of f at x. In fact, by our 
notation f'(x) we have already implicitly recognized the existence of this 
function. This new function f' is called the derived function of f, and in 
finding it we are said to differentiate the function f. 


The domain of the derived function will be taken to comprise all the values 
of x for which f'(x) exists. Since Definition 1 involves f. the domain of the 
derived function must be a subset of the domain of f. In some cases the 
two domains may be the same; in others, the domain of f’ may be a proper 
subset of that of f; that is, it may exclude certain numbers that are in the 
domain of f, because the limit defining the derivative does not exist at these 
numbers. We say that a function f is differentiable at those elements in its 
domain where f'(x) exists. Thus the domain of f’ is that subset of the 
domain of f comprising the numbers at which f is differentiable. 


Example 1 

The derived function f’ of the function 
{х= =+% (x e К) 

is given by: 
uU 25 


and the limit exists for all x e R: so the domain of f’ is also R. 


f(x), f(x) 


graph of 
f:xc1 


domain of f and f' 
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Main Text 


Definition 1 
Definition 2 


Definition 3 


Example 1 
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Example 2 Example 2 
The derived function g’ of the modulus function 
хк =з [Х| (x e К) 


is given (where it exists) by: 


r 1х + = |х 
g(x) = lim : 
h~0 h 

The evaluation of this limit, though not difficult, is a little tedious (see text 
following this example). A simpler method of finding the domain of g’ 
is to use the graph of g. The graph below shows the point (0, 0) at which 
there is no tangent; since the slope of the tangent coincides with the value 
of the derivative, we see that there is no derivative, i.e. the limit does not 
exist near x = 0. At all other points there is a tangent (in fact it coincides 
with part of the graph) and so the function is differentiable everywhere 
except at x = 0. Thus the domain of g' consists of the set R with 0 omitted. 


g(x),9g' (x) 


graph of 
g:x—Ixi 


= graph of 
g': EE Jy x>0 
-1,х<О 


Like all arguments based on graphs (or figures in general), the one given in Discussion 
Example 2 makes use of geometrical intuition and it is therefore a demon- v 
stration (in the sense defined in section 7.2.3 of Unit 7, Sequences and 

Limits I) rather than a proof. For a proof we must go back to the definition 

and evaluate the limit. We consider three cases: 


(i) x0 
In evaluating the limit it is only small values of |h| that matter; so 
we need only consider h > — x, so that h + x > 0. It follows that 
|x| = x and |x + h| = x + h; the definition of f'(x) therefore gives 


fü tam (ОЧЕН) з _ h 


=k 
h-0 h h 


(ii) x « 0 


Again, we need only consider small values of |h|. We take h < — x. so 
that h + x < 0. It follows that |x| = —x and |x + h| = —(x + h); 
so the expression for f'(x) is 

|x + h| — |x| „ —(x+h)+x =й 
m = 


jes) hi lim = = – 1. 
h-0 1 h-0 h h 


(iii) x = 0 
The expression for f (x) is 


f'(x) = lim | 


noh 


|h| 


but since = takes the value +1 for small positive h and — 1 for small 
h 


; h : 
negative Л, there is no number close to 2 for all small h: that is, the 
h 


function x—> |x| is not differentiable at 0. 


12.2.2 Differentiation of Polynomials 


You have already seen how to differentiate a few functions. The results are 
shown in the table: in each case f has domain R. 


f £ Page Number 
x+— constant x-— 0 (x e А) [5 
XX КЕ (хє R) 17 
x-—> x? x-— 2x  (xeR) 16 
x—> x? x——3x? (хє А) 14 
x-— 1 (xe R*) 
х |x| | с о 18 


To work out each new derivative, when it is required, from the definition 


о) = lim LAM = FOC) „А.б 


h-0 h n0 h 


would be very laborious. It is much easier to work out in advance a 
system of rules which makes it possible to differentiate many functions 
from a knowledge of relatively few basic derivatives. To formulate these 
rules, we begin with a class of particularly simple functions, namely the 
polynomial functions. The definition of a real polynomial function was 
given in Unit 4, Finite Differences: it is any function of the form: 


p:xc—a,x" + a,-,.x" 3 +--+ ах + do (хє А) 
where a9,a,,...,a,€ R. 


We saw in Unit 4 that the difference operator A, applied to a polynomial 
function of degree n(n e Z*) gives another polynomial function of degree 
n — l. In view of the presence of A, in the definition of f'(x), it is 
not surprising that just the same thing happens when the polynomial 
is differentiated instead of differenced. 


Exercise 1 


Differentiate the function : 


уох зах + Ьх+с (xeR). m 


Rather than try to differentiate the general polynomial function of degree n 
immediately, let us begin with the simplest such polynomial function 
which is 


x—— x" (хє А) 


where n is any positive integer or zero. The cases n — 0, 1, 2, 3, have already 
been treated in various exercises and examples; so if you know the 
binomial theorem you should not find the general case difficult. 
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Discussion 


ж ж 


Ехегсіѕе 1 
(3 minutes) 


Main Text 


ake 


(See RB9) (continued on page 20) 


Solution 1 

We must differentiate the function 
f:ix—— ax? + bx +e (xeR) 

That is, we must find 


Fecia Fkh 
h>0 h 

. a(x + h}? + b(x + h) + c — (ax? + bx + c) 
= lim 


h>0 . h 


. 2axh + ah? + bh 
= lim 


h-0 h 


= lim (2ax + ah + b) 
h-0 


= 2ax + b. 
The derived function is, therefore: 
Ј/':х——э2ах +b (хє В). 
Notice that if we write 


Дх »ах?, fe f xme сЕ И), 
then 

== Ер 57А 
апа 


fF off a 


(continued from page 19) 


Exercise 2 
Differentiate the function: 
fam (ER) 


where n is any positive integer or zero. m 


Extending the f’ notation for derived functions, we can write the result 
of Exercise 2: 


(в) (Етра) eR): 


Some of the results obtained earlier (for example, the derivative of a 
constant function is zero, the derivative of t1——9 t? is t———» 312) are 
special cases of this important result. The general polynomial 


р(х) = a,x" + a, х"! + +++ + a,x + ag 


can be built up from “elementary” polynomials of the form x* by first 
multiplying each of these elementary polynomials by the appropriate 
coefficient a, to get one of the terms a,x* in the general polynomial, and 
then adding all these terms together. By the corresponding operations on 
the "elementary" polynomial functions x-—— x* we can build up the 
general polynomial function: 


p:xt— a,x" a, ax" |} +++++a,x + аў (xeR) 
It follows that we shall also be able to build up the derived function p’ 


provided we can obtain rules enabling us to deduce: 


(i) the derived function of x —— a,x* from that of x ——» x*, 
(ii) the derived function of a sum of functions from the derived functions 
of its individual terms. 


20 


FMI 


N 
ә 
N 


Solution 1 


Exercise 2 
(2 minutes) 


Main Text 


ж ж ж 


(Notice that this procedure is exactly the same as that adopted when 
differencing polynomials in Unit 4, Finite Differences, when calculating 
limits in Unit 7, Sequences and Limits I, when calculating definite integrals 
in Unit 9, Integration I and when discussing switching circuits and other 
systems in Unit 11, Logic I. In each case we deal with "complicated" 
expressions by breaking them up into "simpler" ones, dealing with these 
and then finding rules, usually in the form of morphisms, for putting the 
results together to obtain the result for the “complicated” expression.) 
Perhaps you would like to guess these rules for yourself. 


Exercise 3 


Guess the correct expressions to put in the boxes: 

(i) For any non-zero number a and any function f, the derived function of 
t———5af(t)is[ ]where t e (domain of f’). 

(ii) For any two functions f and g with the same domain, the derived 
function of t—> f(t) + g(t) is | where t € (intersection of the 
domains of f' and g’). Is the function t-—> f(t) + g(t) necessarily 
differentiable in this domain? m 


Exercise 4 


Using the definition of a derivative, prove or disprove the guesses you 


made in the preceding exercise. m 
Exercise 5 
Express the derivative of f + g in terms of f’ and g’. E 


We can state the two rules of differentiation given in Exercise 3 as follows : 


First Rule of Differentiation 
(af Y = af’, i.e. multiplying any function by a number multiplies 
its derived function by the same number. 

Second Rule of Differentiation 


(f + gy = f' + g', ie. the derived function of a sum of functions 
is the sum of the individual derived functions, provided the 
domains are appropriate. 


The second rule can be extended to cover any (finite) number of terms in 
a sum. We can now construct a derivative for the general polynomial 


pixC—aQX a ax" ! +--+ + ах + ау (xeR) 
We have already shown that 
(a ux E xen. 


By Rule 1, multiplying a function by a constant (in this case a,), multiplies 
its derived function by the same constant, so 


(x— a,x")! = x> kax! (хє К). 


By Rule 2, the derived function of a sum of two or more functions is the 

sum of their individual derived functions. The polynomial function p is the 

sum of the functions (x ——9 a,x"), (ха, 1х" !) etc.; therefore its 

derivative 1s the sum of their derivatives: 

p= aa) + (x> (n — 1)а„—{х"”?) +- 
+(хк__а,) 

that is, 


= xt—>(na,x""* + (n — 1)a,- ,x" ^? + --- + 2a,x + a4) 
p 
(хє R). 
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(3 minutes) 


Exercise 4 
( 5 minutes) 


Exercise 5 
(1 minute) 


Main Text 


ж ж ж 


Rule 1 


xk ж 


Rule 2 


ж ж ж 


Solution 2 
(x + А)" — x" 
h 


f'(x) = lim 
h~>0 
—1 
иш dr pg i| s 
: 2 
— lim 


h-0 h 


fx En hF 


(by the binomial theorem) 


= lim fre + РОС 9 ih Tec 20 
h-^0 2 
(on dividing by h, since h z 0) 
UD 
(by the methods of Unit 7, Sequences and Limits I). 
Consequently the derived function of 


x— x" (хє А) 


хэ nx"! (хє А) ш 


Solution 3 

(i) t-——> af (t) 

(ii) £—— fO + gO). 

The function t-—— f(t) + g(t) is always differentiable, where t e (inter- 
section of domains of f' and g’). | 
Solution 4 


We use the rules for addition and multiplication of limits of functions, 
which are similar to those for limits of sequences given in Unit 7, Sequences 
and Limits I. 


(i) When t e (domain of f") then 
T гт” oem) = | |i 
im lim |a| ————— — —— 


h-0 h һ» 0 ћ 
h-0 h>0 h 
= af'(t). 


(п) When t e (intersection of domains of f’ and g’), then 


lim (f(t + h) + g(t + h)} — {(f( + em 


h>0 h 


xm |5 +h)— f(t) gt+h)—- s 
= nm + 
h-^0 h h 
ee [^ Tp e 
h-^0 h 


+ lim 
h^0 


Е +h) — so) 
h 
=) лыш m 
Solution 5 
This is just a formal statement of the result of Exercise 3 part (ii). 
(Ff + gy) = 00) + g'() 


(t e intersection of domains of f’ and 2’). a 


N 
N 
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Solution 4 


Solution 5 


Exercise 6 
(i) Differentiate 
x———10x? + $x? +x (хє А). 


(ii) Differentiate x> 2x + |x| (xe А) using the derived function 
calculated in Example 12.2.1.2. (Do not forget to determine the 
domain of the derived function, i.e. the subset of R for which the given 
function is differentiable.) Е 


12.2.3 Тһе Differentiation Operator 


We have seen in Section 12.2.1 that to every function f there corresponds a 
unique derived function, f’, whose domain is a subset of the domain of js 
(In some cases, this subset contains no elements, that is to say f cannot be 
differentiated anywhere. Can you think of an example? In case you cannot, 
you will find one in Example 1 below.) 


That is, we have a rule which assigns to each member, f, of the set of real 
functions a unique function f’; the rule can be described by the word 
differentiate, and you may find it helpful to think of it as a machine which 
takes one function and turns it into another, as illustrated below: 


INPUT MACHINE OUTPUT 


DIFFERENTIATE 
f f 


Example 1 


An example of a function which cannot be differentiated anywhere in its 
domain is a function whose domain consists of isolated numbers, for 
example: 


fixr— x (хє {1, 2, 3, 43). 


The reason why this function cannot be differentiated is that the definition 
of a derivative at x involves taking the limit of 


f(x + h) — f(x) 
h 


as h tends to zero. But this means that there must be some interval 
[x — h, x + h] contained in the domain of f; otherwise we cannot apply 
our definition of a limit. But if x is one of the numbers 1, 2. 3 or 4. and 
0 < [А < 1, then x + h cannot be one of these numbers, so f(x + А) is 
not defined; and hence the derivative at x does not exist. [| 


Here we have a situation very similar to one in Unit 4, Finite Differences, 
where we also had a rule for turning one function into another. There we 
defined the difference operator: 

Ay: f—9 [x —9 f(x + А) — f(x)] (fe Р) 
where F is the set of all real functions. 
Here we shall do a similar thing: we define an operator D whose effect on 
any function in its domain is to differentiate її: 

ОРЕ 2 


It is called the differentiation operator. To complete the definition of the 
operator D we must specify its domain. We shall take this domain, as for 
A,, to be the set of all real functions, F. Using the operator D we can write 
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Exercise 6 
(2 minutes) 


12.2.3 


Main Text 
жж ж 


Ехатріе 1 


Definition 1 


(continued оп page 24) 
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Solution 12.2.2.6 Solution 12.2.2.6 


(i) Using the formula for the derivative of a polynomial function, the 
derived function of 


x> 10x° + іх? x (хє К) 


x> 50x* + ёх? + 1 (xe А). 


(ii) Let 7: х 2x, and g :x:— |х| (хє R). Then f" :x — 2 (хє К) and 


gos pex» 0) 
KER [у хыс О" 
х‚_ә—1 (x<0) 


The intersection of the domains of f’ and о’ is equal to the domain of g’, 
So the derived function of x ——9 2x + |x| (x e R) is 


хэ f'(x) + g'(x) (xeR ^ x #0), 


3- (x >0 
—1 E | (xeRAx #0). [| 
Т (x = 0) 


(continued from page 23) 
the results of section 12.2.2 as follows: 
D(x—— x") = x— тх"! 
D(af) = ар (аєК ^ feF) 
Dif + в) = Df + Dg (feF ^geF) 


We have followed the same convention as in Unit 4, Finite Differences, 
writing Df as an abbreviation for D(f); and we have written af as an 
abbreviation for the function x ——^ af (x) (x e R). We also often drop the 
specification of the domain of the function being differentiated, as we have 
done in the first result above. 


Exercise 1 Exercise 1 


t Я = : 5 a (2 minutes) 
Using notation similar to that for the finite difference operator A,, it is 


usual to write D? for D> D, D? for D» D » D, and so on. 
(i) Evaluate D? (x —— ax? + bx + c) 


(ii) Evaluate D? (x — х?). ш 

If f is any real function, the function D?f is called the second derived Main Text 

function of f, D?f is called the third derived function, and so on. Definition 2 
In the notation used in section 12.2.1, we would write: f" for D?f; f" or Notation 1 

f® for D?f; f for Df; f for Р", and so on. E 


One of the reasons for introducing the operator D is that it enables us to 
relate the properties of the differentiation mapping to those of other 
mappings we have met. 


* The symbol A is defined in Unit 11, Logic I; it means "and". 


Exercise 2 
Can you recognize the property of D expressed in the form: 


D(f + g) = Df + Dg? a 


There are other binary operations on the domain F of D, and it is natural 
to ask whether there are any more useful morphisms about. For instance, 
what about multiplication? Suppose we asked you to guess? Would you 
guess 


D(f x g) = Df x Dg? 


If you think that this guess is reasonable, then we suggest you work 
Exercise 3; incidentally, Leibniz, one of the inventors of calculus, thought 
it was reasonable at one time. 


But we are really not tackling the problem correctly; the question we 
should ask first is: "Is D compatible with x?" (For the definition of 
compatibility, see Unit 3, Operations and Morphisms.) If the answer is 
"No", then there is no morphism to be found. If the answer is “Yes”, we 
can then go on to see if we recognize the induced binary operation. We 
ask you to investigate this in Exercise 4. The consequences of Exercises 3 
and 4 are followed up in the next section. 


Exercise 3 
Show by an example (as simple as possible) that cases exist where 


D(f x g) * Df x Dg 


so that D is not a morphism of (F, x) to (F,, х). [| 
Exercise 4 
Is D compatible with multiplication? H 


Hints for Exercises 3 and 4 
(i) The definition of f x g is given in Unit 1, Functions. 
(п) Try fi: хэ х (хє R)). ; 
in Exercise 3. 
and g,:x+— 1 (x € R) 
(iii) For Exercise 4 you may also find it helpful to try 


ЙО ХЕ эх (хє К) апа g;:x——2 (хє А). 
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Ехегсіѕе 2 
(3 minutes) 


Discussion 
ж ж 


Exercise 3 
(3 minutes) 


Exercise 4 
(5 minutes) 


Solution 1 
(i) Let 
f:x— ax? + bx + с (xeR) 
then 
Df:x——2ax + b (x e R) 
and 
D?f:x—> 2а (хє А). 
(ii) 
f:x—x? (хє К) 
Df:x—— 3x? (хє К) 
D?f:x——— 6x (хє К) 
D'Ex-——5 (хє А). 


(Note the fact that we have included the somewhat trivial information 
(хє R) on every line, to emphasize that the domain stays the same through- 
out. It looks rather unnecessary here, but if we were differentiating more 
complicated functions we might well find that the domain changed in 
going from a function to its derived function.) a 


Solution 2 


D is a morphism of (F, +) to (F,, +), where F, is the set of images of 
elements of F, and + denotes the addition of functions. D is many-one; 
for instance: 


D(xt— x?) = D(x — x? + 2) 


and so D is a homomorphism. Е 


Solution 3 
Using Hint (i), we try the functions: 


fir xx (xeR) Эз == (хє К) 


and 

1: X——1] (хє А), Dg,:x—0 (хє К); 
then 

fi X 1: Xx (xeR, Df, x8): x1 (хє А). 
But 


Df, x Dg, = x»—0 (хє К) 
z Df; х gi) x 


Solution 4 


Recalling the definition of compatibility in Unit 3, Operations and 
Morphisms, we know that D is compatible with multiplication if, whenever 


D(fi) = D(f) and D(gi) = D(g2), 
then 


Df, x gi) = D(f x 82). 


Now we cannot prove a formula true for all elements in a set simply by 
looking at some of the elements in the set, whereas we can prove it false 
by showing that it is false for some elements of the set. So the fact that 
Hint (iii) gives us particular examples should tell us that D is going to 
turn out not to be compatible with multiplication. 
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Solution 1 


Solution 2 


Solution 3 


Solution 4 


We could use the functions in Hints (ii) and (iii) as follows: 
D(fi) = Dh) = (x> 1) (хє R) 
D(gi) = D(g2) = (x—0) (хє А) 
D(f, x gi) = (x'—9 1) (x e R) 
D(f, x у =. (x'—92) (xe R) 
SO 


Df, x gı) + D(f, x g;), 


and so D is not compatible with multiplication. 


An example such as this, which is used to show that a statement is false, 
is called a counter-example. [| 


12.2.4 Differentiation of Products 


The result of the previous exercise has shown that differentiating the 
product of two functions is not going to be such an easy matter as differen- 
tiating their sum. In this section we shall investigate how to differentiate 
such a product. 


We have already seen (in section 12.2.2) the usefulness of having a rule 
for differentiating a product of two polynomial functions when one of 
them is a constant function. The rule is 


D(af) = aDf. 


As long as we want to differentiate polynomial functions only, this is all 
we need to know about the derived function of a product, but to differen- 
tiate a function such as 


x'— xsinx (хє R) 

which is a product of the two functions 
XL (x e К) 

and 
X'—— sin x (x e R) 


neither of which is a constant, we need a more general rule for differentiat- 
ing products of functions. 


Let us denote the two functions whose product we wish to differentiate 
by fand g, and their product by k, so that 


fxg-k. 


We assume for simplicity that the functions have domain R. To illustrate 
the product relationship and the subsequent argument, we suppose that 
the elements of the domain of f, g and k are times (represented by a variable 
t), and that the images of t under the functions f, g and k are the sides and 
area of a rectangle: 


'+—— f(t) — —4 
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Main Text 


Our problem is to evaluate k'(t), the rate at which the area changes with 
time. By the definition of a derivative, this is 


k(t + h) — k(t) 


4 
that is 
k(t) = lim f(t + h)e(t = һ)— ] (so) 
—0 


The numerator is the difference in area of two rectangles: 


and is therefore equal to the area of the shaded L-shaped strip in the above 
diagram. This strip can be treated as the sum of three rectangles, as shown 
below: 


A, f(t) 


i+—— f(t) зве i} 


ш 3 A, g(t) 
i 


g (t) 


} 


(Remember that A, f(t) = f(t + h) — f(t).) 


Adding the areas of the rectangles and substituting in Equation (1), we 
get 


ГОА g(t) + g(0A, f(t) + A,g(DA, f(t) 


аса 7 
= fO lim SO qq ig, SSO fm AO 
h^0 h h> + lim h 


by the rules for limits given in Unit 7, Sequences and Limits I (since f (t) 
and g(t) do not involve h). Hence 


A,g(t)A 
KO = fOO + gOS) + lim Tur IO 


by the definition of a derivative. 


The last term on the right-hand side can be written 


ш D > lim A,g(t) = f'(t) x 0=0, 


nm 
since both these limits exist and 


lim A,g(t) = lim [g(t + h) — g(t)] = 
h~O h~O 
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Equation (1) 


Equation (2) 


Equation (3) 


if g is a continuous function.* (In fact, this is not a new assumption since 
we have already assumed that g is differentiable, and it can be proved 
without much difficulty that every differentiable function is continuous: 
a result which is intuitively obvious if we regard differentiability in terms 
of being able to draw tangents.) 


Equation (3), therefore, becomes 


k(t) = fg'(.+ gf). 


That is, the rate of change of the area of the rectangle is the sum of two 
terms: the rate at which area is being added because the length of the 
side of original length f(t) is increasing, plus the rate at which area is 
being added because the length of the side of original length g(t) is increas- 
ing. 

Equation (4) is the rule for differentiating products. We have thought of 
t as a time in deriving this rule, but the rectangle illustration can be 
dropped} and the mathematical argument applies to any product of 
functions with domain R or some subset of R. The Product Rule can, of 
course, also be written in terms of the functions themselves instead of 
images ; it then takes the form: 


dE 4a 
or, in terms of D: 

D(fg) = f Dg + gDf. 
This can be regarded as a generalization of the equation D(af) — aDf, to 
which it reduces when g is a constant function. 
Exercise 1 
What can you say about the domain of ( fg) in terms of the domain of f’ 
and г”? ш 
Exercise 2 
Verify the product rule by considering the product of the two functions: 

^ofix—o2x-41 (хє А) 
0:х7—9 х — 1 (хє А). [ | 


* Notice that we have to assume that g is continuous in order to be sure that lim g(t + h) = g(t). 
+0 


If 15 not continuous, then this limit may exist and be different from g(t): see examples іп 
Unit 7, Sequences and Limits I. 


t Note that we could write Equation (1) in the form: 


f(t + higit + h) — f(t)g(t + h) + f(t)g(t + А) — fite) 
: Я 


k(t) = lim 
h=0 


i.e. 


AF 
k(t) = lim nd (t)g(t + : + f (OA,g(t) 
h> 1 


which again leads us to Equation (4). 
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Equation (4) 


Product Rule 


* ж ж 


Ехегсіѕе 1 
(5 minutes) 


Ехегсіѕе 2 
(2 minutes) 
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Solution 1 Solution 1 


The domain of the function (fg) = fg’ + gf’ is the intersection of the 
domains of f, f’, g and g'. But since the domain of f’ is contained in the 
domain of f, and the domain of g' is contained in that of g, we can simplify 
this: the required domain is the intersection of the domains of f' and g’. 


Domain 
of f 


Solution 2 Solution 2 
fg: x——52x? — x – 1 (хє А) 
(Jg): x4- 1 (хє К) 
Јо) (х) + (х) (х) = (2х + Dg'(x) + (x — DF) 
= (2х + 1)1 + (x — 1)2 
= 4х — 1. 
Thus 
(Jg + gf):x—4x — 1 (x e R), 


and the result is verified. [c] 


12.2.5 Differentiation of Composite Functions 12.2.5 


In the last two sections we have shown that D is a morphism with respect Main Text 
to addition of functions in its domain and codomain, but that no morphism 

exists for multiplication. We shall deal with division later, and subtraction 

follows directly from addition to give 


D(f — в) = D(f + (—g)) where —g:x— —– а(х) 
= Df + —2) 
= Df — Dg 
using the rule D(ag) = aDg, with a = — 1. 


The last of the binary operations on functions that we defined in Unit 1, 
Functions was the operation of composition 


f» g:x—— f (gx). 


We approach the investigation of composition in the same way as we 
tackled that of multiplication. 


Exercise 1 Exercise 1 
2 ; | (5 minutes) 
Show by as simple an example as possible, that cases exist where 


D(f »g) # Df » Dg, 


so that D is not a morphism with respect to composition of the functions 
in its domain and codomain. [d] 
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Exercise 2 
Is D compatible with composition? [ | 
So we must try to find a rule for differentiating the composite of two func- 
tions f and g. We write 

Јов = К, ie. fog(x) = f(g(x)) = k(x). 


The relation between these functions is illustrated below: 


fog =k 


It can also be illustrated in this way: 


x-axis 9 (х)-ахіѕ k (х) -ахіѕ 


g(x) 


+(9(х)) = К(х) 


To determine whether fog is differentiable we consider the formula 
defining a derivative: 
k h) —k 
KG) = lim (x + h) (x) 


h~O 


The limit on the right can be interpreted using a diagram similar to the 
one below: 


x-axis k (x)-axis 


Q2 k(x+h) 


k(x) 


We see that 


k(x +h)— Kx) _ 0,0, 
h E MN 


This may remind you of the scale factor of k at x, which we defined in 
Unit 2, Errors and Accuracy. Here we shall refer to it as the magnification 
produced by the function k when it maps the segment P,P, (i.e. the interval 
[x, x + h]) to the segment Q,Q, (i.e. the interval [k(x), k(x 4- h)]). 
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Definition 1 


(continued on page 32) 
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Solution 1 


Solution 1 
Almost any example will do; here is one: 
Let 
gix-— 1 (хє А), g:xt——»0--(xe R; 
ПЕ (ER); ГРеХЕ 1 eR) 
fega Ее К) 
(fog):x——0 (хє К), f'cg':x-— 1 (хє К). 
So D(f - g) = Df Ре in this case. 
Solution 2 Solution 2 


According to the definition of compatibility given in Unit 3, Operations 
and Morphisms, D is compatible with composition if, whenever 


Df, = Df, and Dg, = Dg, 
then 
D(fi»gi1) = D(f2»82). 


It can be shown by counter-examples that this condition is not satisfied ; 
for example: 


Йе ех e$ Geb xe x (хє А); 
сю эх (xeR) S535" e+ 1 (ER); 
Л огу:х' эх? +1 (xeR) 
/»еюз:х'———э(х + i) (хє Ё); 
Ю( Утор) =»2х (хє К), 
D(f;»5g;):x—2x +2 (хє К). 
L| 


(continued from page 31) 


Our problem is to express the derived function of f o g in terms of the 
functions f and g: in terms of diagrams, it is to combine the last two 
diagrams. We can combine the two diagrams in the following way: 


x-axis g(x)-axis k(x)-axis 


f (g(x+h)) 
f (g(x) 


Instead of performing the mapping k in one stage we perform it in two 
stages: we perform first g and then f. Thus the segment P,P, is mapped. 
first to the segment R, R, and then to the segment Q,Q;. The magnifica- 
tions produced in these two steps are 


R,R 
D^ nd 0.0, 
P,P, R,R; 
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respectively, and the overall magnification is the product of these two: 


0,0. _ RıR 010, 
P,P, P,P, RR, 


We have 
lim 2122 = ку), 
n^0 P,P 


R, R, 
1 = g' 
d BP, 8 x) 
Finally, the magnification produced by the function f has the limit 
. 0.0 
lim —— = f" = 
ШЕ КОЙ, f'e) 


This time the derivative has to be computed at g(x) and not at x, since 
the point R, corresponds to the number g(x). 


If we put these three limits together we obtain from Equation (1) the 
Composite Function Rule: 


k(x) = g'(x) x f'(g(x)). 
In function notation, we have: 
(fogy =(f'°g) x g. 


It is often called the chain rule, or “function of a function” rule, since a 
composite function is, in a sense, a function of a function. 


Example 1 
Differentiate 
k:x+—>(2x + 1? (xeR). 
(This could be done by expanding the brackets, but we shall apply the 
above rule.) : 
If we let 
grx (хє В) 


апа 
= (хє К) 


then k = fog. 
We can now use the composite function rule, i.e. 
kK =({f' og) xe 


= [(x-—> 2x)e(x—— 2x + 1)] x (x—2) 


хэ 2(2x + 1) x 2 
= x-— 4(2x + 1) (x e А). H 


Exercise 3 
If 

je +1 (xeR) 
and 

g:x——> x? — 1 (xeR) 


find f » g. 
Differentiate f o g directly and also using the composite function rule. 
Compare the two results. ш 


*This step really covers up the difficult part of the verification, which depends on the 
continuity of g. A formal proof can be found in Calculus by T. M. Apostol (see Bibliography). 
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Equation (1) 


Composite Function Rule 


Example 1 


Exercise 3 
(3 minutes) 


Solution 3 Solution 3 


The steps in the calculation can be represented diagrammatically as shown: 


DIFFERENTIATE 


Ссс WA 


ce 


For the specific functions in this exercise (the domain is R in each case) this becomes: 


X — x?-1 X — x? +1 


DIFFERENTIATE 


X ——2x x — 2 (х2-1) 


STT WA 
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Exercise 4* Exercise 4 
= > (3 minutes) 
Differentiate : 


(i) ky x — e+ 1) (хек) 


(ii) k;:x—— (3х + 1)?” (xe А). [| 

Exercise 5 Exercise 5 
Е < (3 minutes) 

Differentiate : 

(i) k,:x —9 (7x + 3)5 (x € R) 

(ii) k;:x—— (2x? + 3x + 2)? (хє К). L| 

12.2.6 Differentiation of Quotients 12.2.6 

In this section and the next we complete the list of rules of differentiation Main Text 


by deducing from the product rule a rule for differentiating the quotient 
of two functions, and deducing from the composite function rule a rule 
for differentiating inverse functions. You are not expected to be able 
to deduce these rules but you are expected to know the results and how 
to use them. 


We begin by finding the derived function of the reciprocal function, 
which we denote here by the letter r, so that 


1 
тст == (xe RA x #0); 
x 


then 
r(x + h) — r(x) 
h 


== 1 zt 
= lim р КЕС 3) (by definition of r) 


ET ts 


n~oh\ (x + h)x 


=F ae 
7 peo Vh(x + h)x 


—1 
—lim|———.-| (the cancellation of the h’s is valid since 
h-^0 \(x + h)x h #0) 


Taking the limit as h~~ 0 we obtain (since x # 0) 


1 
r(x) = — 
x 
Le. 
1 —1 
Di x—-|- I 
X x 
or 
r-—-—rxr, 


the domain being the set of non-zero real numbers throughout. 


* You may like to use the diagrams at the back of this text. 
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Note 


(i) We shall denote the product function r x r by r?. 
Thus 
r3 :xe—— r(x) x r(x) = (т(х))?. 
(ii) If 
p:xt—— v(x), (xe R) 
then we shall denote the function: 


1 


: v(x) 


(xe К ^ v(x) z 0) 
1 
by -. 
y v 
We can now apply our last result to the differentiation of the quotient 
of two functions. If two functions u and v have as domain the same subset 
of R, and codomain R, then we define their quotient, Е ог u/v, by 
= v 


—:x-—>—— (xedomain of u and v, A v(x) = 0). 


и и(х) 
v v(x) 


The formula for differentiating such functions is a useful one. It may 
help you to remember the rule if you work it out for yourself: so the rest 
of the derivation of this formula is set as an exercise. 

Exercise 1 

Denoting the reciprocal function by r as in the text, we can write 


u 1 
——ux--u xX (rov). 
v v 


Using the following results : 


(i) the derived function of r is —r?. 
(ii) the product rule, i.e. 


Ug Pn Tu. 
(ш) the composite function rule, i.e. 


(fog) —(f'eg)xg. 


и > , , 
express |—] in terms of v, v', u and v. 
v 


The result of the last exercise gives the Quotient Rule: 


U\ xX их 
v? 


which means that 


Н _ u(x) 
if w(x) = bà 
then 
; u(x) x v(x) — u(x) x v(x) 
w(x) = 


(v(x)? 


The domain of B is the intersection of the domain of u’, the domain 
v 


of v', and the set (x:x e R, v(x) # 0}. 
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(5 minutes) 
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Quotient Rule 
ж ж 


(continued оп page 40) 
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Solution 12.2.5.4 Solution 12.2.5.4 
(i) Let 

эо (хє R) 

рү ск =з +1 (хє К). 


Adopting the schematic form of the previous exercise, we now have: 
(See illustration on opposite page) 


(ii) We can repeat the process with 
Jo x (хє А) 
2:х—э 3х + 1 (хє А). 
Alternatively, we notice that 
k(x) = k,(3x) 
so that we can write 
kı = К, о (x—— 3x) 
whence 
kz = [k; e (x> 3х)] x (x—33) 
= [xm 53x + 1) x (x> 3) 
= x——o15(3x + 1)* (хє А). 
In general, if 


k(x) = k,(ax) 


so that 

К, = К, (хэ ax) 
we have 

ke = [ki (хах): х (xc—»a) 
so that 

k5(x) = ak (ax). eal 

Solution 12.2.5.5 Solution 12.2.5.5 
(i) x — 35(7х + 3)* (хє К) 
(ii) x> (8x + 6)(2x? + 3x + 2) (хє В). [Е 
Solution 1 Solution 1 


[и x (rs v) 2 и x (rev) + u x (rov) by (i1) 


0 


и х (rov) +их [(r’ ov) x v] by (iii) 


, 


= w x (rov) +u x (=r? ov) x v. 
1 » —1 
Now rev =—and —r* ov = —,, so that 
v v 
Ao ие 
v р ae 
uxv-—vxu 


2 Е 


v 


38 


6t 


P. Mid 


DIFFERENTIATE 


Ссс WA 


Exercise 2 
Differentiate : 
1 `l 
X——3-X (xe R ^ x z 0) 
x 


where k is a positive integer. 


Exercise 3 
Differentiate : 

А —2 

(i) Wi oes (xe RA x # —3) 
a 2x — 1 í 
(11) Wig XP CR UI (xe RA x # —3) 


Can you see why the two results are the same? 
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Exercise 3 
(3 minutes) 
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12.2.7 Differentiation of Inverse Functions 12.2.7 
The last rule of differentiation we shall consider is the rule for differentiat- Main Text 


+ ж ж 


ing the inverse of a function. The inverse of a опе-опе function, as defined 
in Unit J, Functions, is a function that reverses the effect of the original 
one. For example, the inverse of the function “double the number" is 
the function “halve the number", since if we double a number and halve 
the result we come back to the original number. We saw in Unit 1, that 
a function has an inverse if and only if it is one-one; that is, if each element 
in the domain has a different image. 


It follows that if g is the inverse of f, then 
26 |х >x (x e domain of f) 
and 


ec X 7% (x e domain of g). 


We can use the composite rule to find the derivative of g in terms of 
jeg = xx 

therefore 
(Seg) =x-— 1 

and by the composite rule, 
(D —Qq'egos 

which gives us the Inverse Function Rule: 


il ad 1 
== - === г Inverse Function Rule 
F. o @ 7 o g ж ж ж 
Notice that we have to take саге with the domain of g': it is that part 
of the domain of g for which g is differentiable and for which f'o g(x) 
does not vanish.* 


Exercise 1 Exercise 1 
: . (2 minutes) 
Differentiate 
Xt—— X 1/m (x ER a ) 


where m is any positive integer. Compare your result with our previous 
result, namely 


“(ж эг) 2(x—nx"!) (хей Лх #0) 


where n is an integer. | | 


* We also assume, here and everywhere else where we differentiate a composite function, 
that f'o g is meaningful; i.e. that the domain of f’ contains the image of the domain of g. 
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Solution 12.2.6.2 

There are many ways of tackling this: we shall use the quotient rule with 
Uke (xe R ^ x z 0) 
vixt—> x* (xe R ^ x #0). 

We already know that 
vU:x—okx*! (xe RA x #0) 

so that 


u(x) x v(x) — u(x) x v(x) E oxe оа 


v2 xk 


—k 
= kt ie 
Considering the form —kx *~', and remembering that we were differ- 
entiating x ——9 x * (xe R A x #0), we can see that we can now write 


D(x— x") = x—nx" ! 


for any integral value of n, 
(the domain is the set of non-zero real numbers when nis negative). Mi 


Solution 12.2.6.3 
The answer to both parts is 


4 


Qx + 1X (хєК Л х # —1). 


The two results аге the same because w, — w; is a constant function: 


2x-— 1 2 
wu вао реча 
(2х + 1) 2 2 
2511 2x+ 1 
21 
so that 
w: — Wp = x-— 1 (xeRAx # —-4 
whence 
(0, — wi) = wa — wi = (x—1y = x 0 

Lc: 


w(x) — wi(x) = 0 
or 


w(x) = wi(x). | 


Solution 1 

Call the given function g. Then the inverse, f, of g is given by 
[хе э" KER), 

so that 


f' :x*— > тх") (Оек 
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Solution 12.2.6.2 


Solution 12.2.6.3 


Solution 1 


The inverse function rule then gives 
1 

Щу 

1 1 


ар 2C — —Mm 
m ЖОМ 


g(x) = 


ie. 


1 = 
g:x »— xlim 1 
m 


We have shown that the result: 


the derivative of x-—— x" is x ——9 nx" !, where ne Z, also holds when 
n is the reciprocal of a positive integer. a 


12.3 STANDARD DERIVED FUNCTIONS 
12.3.0 Introduction 


The rules of differentiation obtained in the last section are sufficient 
for differentiating a rational function, that is, any function formed from 
polynomials by arithmetic operations (addition, multiplication, division) 
and by composition, and also for differentiating the inverse (if it exists) 
of such a function. This class of functions is quite extensive, but it does 
not include some very useful functions such as the trigonometric, exponen- 
tial and logarithm functions. In the present section we shall fill some of 
the gaps. In each case it is the result, not the method of obtaining it, 
that you need to know, although we shall set some of the results as 
exercises so that you can get practice at applying the rules previously 
demonstrated. These standard derived functions are often called standard 
forms. In this section they are printed in red and for convenience they 
are also collected together, with a list of the rules of differentiation, at 
the end of this correspondence text, just before the appendices. 


12.3.1 Trigonometric Functions 


Denoting the derived function of the sine function by sin', we have: 


= . sin(x + h) — sin x 
sin’ x = lim : 
h-0 h 


The evaluation of this limit involves some minor technicalities, which are 
not an essential part of the technique of differentiation and have therefore 
been excluded from this Foundation Course. (If you would like to read 
how the limit is evaluated, turn to Appendix II.) What does concern us 
here is the actual value of the limit: it turns out to be simply cos x, so 
that the formula for differentiating sine is 


sin'x = cosx (хє К) 
or simply 


sin' — cos. 
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12.3 


12.3.0 
Introduction 
Definition 1 


Definition 2 


12.3.1 


Main Text 


жож ж 


We can also differentiate the function cos (i.e. x —— cos x (x e R)) using 
the limit definition of the derivative, but there is a possibly more elegant 
method which uses the identity : 


COS X — sin E — : (x e R). 


Exercise 1 


Use the identity 


5 


COS X = sin (5 E | (се К), 


the composite function rule, and the fact that sin’ = cos, to find the 
derivative of cos. | 


Exercise 2 


Differentiate the tan function. To do this you may need to use: 
nx 


А 51 
(i) tan x = 2 
COS X 


(ii) the quotient rule, 

(iii) the trigonometric identity cos? x + sin? x = 1. 

What is the domain of the tan function? What is the domain of its derived 
function? m 


Exercise 3 


Differentiate : 


1 
(i) sec = —, 

cos 
$ 1 
(11) cot — ——; 

tan 


(ili) cosec = es 

sin 
The domain of the derived function is, in each case, the same as the domain 
of the original function. In cases (i) and (iii) the domain is R except for 
those numbers x for which cos x and sin x (respectively) are zero. In 
the case of (ii) the domain is R except for those numbers x for which 
tan x is undefined and for which tan x is zero. It is usual, however, to 
define cot x to be zero for those x for which tan x is undefined. [ | 


Exercise 4 


Find D? (sin), D? (sin), D* (sin), D? (sin). Generalize your results by writing 
down a formula for D" (sin) that holds for every positive integer n. ш 


Exercise 5 (Optional) 


Motions in which the position x ofan object at time t is given by a formula 
such as 


X — хо = asin b(t — to), 


FM 12.3.1 


(See RBI0) 


Exercise 1 
(3 minutes) 


Exercise 2 


(3 minutes) 


(See RB10) 


Exercise 3 
(3 minutes) 


Exercise 4 
(3 minutes) 


Exercise 5 
(4 minutes) 


(where xo, to, a and b are fixed numbers) are frequent in physics and 
mechanics. They are called simple harmonic motions. For example, any 
point on a clock pendulum or on a vibrating piano string executes a 
motion that is approximately simple harmonic. Calculate the velocity 
and also the acceleration (the rate of change of velocity) for a moving 
body whose position is given by the above formula, and find the function 


(position)'——» (acceleration). 


The form of this function is characteristic of simple harmonic motion. Bi 
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Definition 1 


Definition 2 


Solution 1 
Let 
л 
E Rt X (хє К) 


Эш (хе). 


Then using (f ^g) = (f' °- g) x g', we have 


f E o 


cos’ x = —cos E = Jj 


© 
o 
[2 
I 


ES => — 1 
х DNE x (x — 1) 


This result can be simplified by noting that cos E = = sin x (x e А), 


so that 


cos’ = —sin. BH 


Solution 2 


Starting with 


sin x 
tanx — 
cos X 
we have 
Р sin’ х cos x — cos’ x sin x ; 
tan x= (quotient rule) 


cos? x 


cos? x + sin? x 


2 
COS X 
1 х = 
= э (cos^ x + sinf x = 1) 
cos* x 
2 1 
= sec* x sec x = ? 
cos x 
This result can be written as 
tan’ = sec”. 
The domain of tan is R except for 
—5 -3 -1 1 3 5 
s TOS 
ES Vil o ET 
The derived function has the same domain. | | 


Solution 3 


The rule for differentiating quotients of the form: 


u(x) = "= (x є R, where w(x) # 0) 
is 
w(x)v'(x) — v(x)w'(x) 

(w(x))? 


u{x) = 
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Solution 1 


Solution 2 


Solution 3 


If v(x) = 1, v(x) = 0, so that the quotient rule becomes: 


u'(x) = — w'(x) 
(wG9)? 
1 
(i) When u(x) = —, then w(x) = cos x and w(x) = —sin x, so that 
cos x 
sin x 
u(x) = z = sec x tan x 
cos* x 


Le. 


sec’ = sec tan 


1 
(ii) When u(x) = ——, then w(x) = tan x and w'(x) = sec? x, so that 


tan x 
: sec? x 1 cos? x —1 5 
ke “tan?x —— cosx шоо six = 
ie. 
cot’ = —cosec? 
(ш) u(x) = ———; w(x) = sin x; and so w(x) = cos x. Thus 
sin x 
u(x) = — s = —cosec x cot x 
sin^ x 
i.e. 
cosec’ = —cosec cot. ш 
Solution 4 
D sin = cos 
D? sin = Dcos = —sin 
D? sin = D(D? sin) = D(— sin) = — cos 
D* sin = D(D? sin) = D(—cos) = sin 
D? sin = D(D* sin) = D (sin) = cos. 
Suppose n is an odd integer i.e. we can write 
n=2k+1 where ke {0,1,2,...}, 
then 
D?**! sin = (— 1) cos. 
If n is an even integer i.e. we can write 
n=2k, (ke {1,2,3,...}) 
then 
D?* sin = (— 1) sin. | 
Solution 5 


The position of the object at time t is 
x = хо + asin b(t — to). 
The velocity-function of the object is D(t ——» x). 


In the above expression, a, b, х and t, are all fixed numbers (constants). 
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Solution 4 


Solution 5 
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To find the velocity, we must find 
D(t——2 a sin b(t — to)). 


Let g:t-—— b(t — to), so that g':t'——» b and f = sin, so that f' = cos. 
Then 


(fog) = (t: > sin b(t — t9). 

Now 

[(/'°8) x g](t) = cos b(t — to) x b 

= bcos b(t — to): 

It follows that 

D(t—— sin b(t — to)) = t-——> b cos b(t — to), 
and hence that 

D(t-—— a sin b(t — to)) = t—> ab cos b(t — to), 


so the velocity at time t is ab cos b(t — tọ). 


Similarly the acceleration function is D?(t——» x); so the acceleration 
at time t is —b?a sin b(t — to). The function (position)'——» (acceleration) 
is therefore 


х» — basin b(t — to), 


or substituting for t from the formula for position: 


x—— —b*(x — xy (хє А). ш 
12.3.2 Exponential and Logarithmic Functions 12.3.2 
Denoting the derived function of the exponential function by exp’, we Main Text 


have from the definition of a derivative: 


exp (x + h) — exp (x) 


D E 


(x e R) 

I em E Я 
= lim —————_ by the exponential theorem (see Unit 7, 
Sequences and Limits I) 


= Cexp x 


where C denotes 


ecu dl 
lim 
n~o h 


It is shown in Appendix III that this limit exists and C = 1, and hence 
exp’ — exp. Equation (1) 


Thus the derived function of exp is the exponential function itself. 


This is a remarkable result, but it is no more than might be expected 
from our introduction to the exponential function via the population 
growth example which was used in Unit 7, Sequences and Limits I. In 
the model used there, the change in the world's population in a given 
interval of time was assumed to be proportional to the population itself. 
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Since differentiation gives the instantaneous rate of change, it is perhaps 
not so surprising that in differentiating exp we find that the derivative 
equals exp; we are, after all, considering a quantity (the world’s popula- 
tion) whose instantaneous rate of change was (apart from a constant of 
proportionality) equal to the quantity itself. 


The exponential function crops up frequently in applied mathematics 
because applied mathematics problems (such as the population growth 
problem) frequently require a function whose derived functions are 
related to the function itself in a way that can be reduced to Equation (1) 
by suitable manipulations. 

Exercise 1 


Use the rule for differentiating inverse functions to show that 


1 
In ix (xe R*). и 


Exercise 2 


Show that, for any real function f, with codomain R*, 
(In » fy) = —. ш 


Exercise 3 


A useful technique, called logarithmic differentiation, for differentiating 
a complicated product, f, is to form the composite function, In » f, find 
its derivative and then obtain f' by using the result in Exercise 2. 


(i) Apply this method to the function 


(1 x) 
e 


=== (xe Rand x # —1). 


(ii) Use this method to differentiate x ——» x* (x e R^), where х is any 
real number. п 
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Exercise 1 
(3 minutes) 


Exercise 2 
(3 minutes) 


Exercise 3 
(S minutes) 
Definition 1 


Solution 1 


Since In is the inverse function of exp. the inverse function rule gives 


1 1 


=e exp’ (In x) = exp (In x) x 


(xeR") 


Solution 2 


The composite function rule gives 


(ine fy =ef) x f =L. 
7 
Solution 3 
(i) Let 
С 
л® = |) 
then 
In f(x) 2 x + In(1 + x) — In(1 + 2x) 
fo _ is. : e 
de = xum ITE on differentiating 
Ee El 
гоо fore LL = 
= de m cy 
“NTF 2x 1+x 1+ 2x} 
(ii) Let 


fpi oy EER) 
Јо) = х 
In f(x) = 1а (х) = «In x. 
Differentiating gives 


FOE 


fix) x 


f(x) = «L f(x) = = yt = ax! 
x x 


fo axe" xe) 

We have therefore shown that the function 
Жук та" (xe R*) 

has derived function 
fzxt—»bax Gem 


where х is any real number. 
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Solution 1 


Solution 2 


Solution 3 


12.3.3 Technique of Differentiation 


This section is devoted to some exercises to help you learn to apply the 
rules of differentiation. If you get into difficulties with any of them do 
not spend a lot of time on it, but look up the solution and compare it with 
your own attempt, to see where you went wrong. The results of some of 
these exercises will be useful in Unit 15, Differentiation II. There is nothing 
essentially new in this section, so if you are pressed for time you can leave 
it for the time being. 


Exercise 1 


Differentiate : 
1 
D f:x-——>x + = CER y; 
20 


(п) f:x+—>xexp(—x) (хє А); 


тоа шы. (xe R A x » 3) m 
> — x $ 
(x — 2)* 
Exercise 2 
(i) If 
1 
S:r— a|r + =| (re R*) 
ru 
find S'(r). 
(ii) If 


f:x-— x + у? (xeR) 
where y is some real number (not zero), find f". 
(u1) If 
P(x) = (x — 1)? x (x + 2? 
defines the function P with domain R, find P'(x). [| 


Exercise 3 


Differentiate the function t defined by 


2 — 2d 0 
t(0) = 87 осе 8 [ое [| 
Dy ) 


02 


where d, s, рү, and v, are positive real numbers. Г] 
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12.3.3 


Technique 


Exercise 1 


(1 minute) 
(2 minutes) 


(2 minutes) 


Exercise 2 


(1 minute) 


(2 minutes) 


(2 minutes) 


Exercise 3 
(3 minutes) 


FM 12.3.3 


Solution 1 Solution 1 


(i) Standard derived functions give 


(ii) 


(ш) 
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(жї эх) el): 
апа 
(сох 4 = he —X 5 


it follows by the addition rule that 


1 
к == 
x 


аб › | | (xe R^). 
The given function has the product form 
/ = вһ 
where 
g(x) = x (x e R) 
h(x) = exp(—x) (хє А). 


Moreover, h(x) is of the form exp (k(x)) where 
k(x) 2 —x (x e А). 


By the “function of a function" rule, the derived function of h is 
given by 


h'(x) = exp’ (k(x)) x k(x) = exp(—x)(— 1) 
= —exp(—x). 
By the product rule, the derived function of f is therefore given by: 
fx) = g'(h(x) + а(х) (х) 
= Lexp(— x) + _x(—exp(—X)) 
= — x) exp (5) (хє К). 


We could differentiate directly using the quotient rule, but it is easier 
to use logarithmic differentiation (see Exercise 12.3.2.3). That is, we 
write down the formula for f(x) as usual 


ix —3y 
(х 27 


f(x) = 
but before differentiating we take natural logarithms, obtaining 
In f(x) = 31n (x — 3) — 41n (x — 2) 
and then, by the "function of a function" rule, 


In’ (f(x) f(x) = 3 In’ (x — 3) — 41In'(x — 2) 


(since (x* xc 3) == xt и айлык > x2) х= 1): 


1 
Since In’ (и) = —, this simplifies to 
u 


(куу з= а 
f(x) x-3 x-2 
so that 
тте 4 Е 
/'(х) = L ees ji 
3 4 ду 
- [55 SN (xeRAx> 3). E 
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Solution 2 Solution 2 


(i) S(r) = [n + ESI 
лг 


Standard derived functions and the rule for constant factors give 


(r—9 ry = (т! > 2r), 


and 


> 


| 1000 a) | 1000 _, 
rt ==} r = [rt > r 
л л 


therefore the addition rule and the rule for multiplication by a 
constant give 


1000 
S(r) = [o =n | 
nr 


=P 
=. 
— 


The function can be expressed as a composition: 
f(x) = gh) 

where 
h(x) = x? + y? (хє А) 

and 
glu) = \/u (ue R^). 

The derived functions of h and g are such that 
h(x) = 2x +0 (by the sum rule) 
gu) = ш = LL 

2 fu 

The rule for differentiating composite functions gives 

f'(x) = g'(h(x)) x h'(x) 


1 
EX 


2. / h(x) 
X 


IX y? 


and so the answer to the exercise is 


Jd 


(x e R). 


мх? cy 


(Since y is not zero, the denominator of f (x) is never zero.) 
iii) The given function is of the form 
P=QS 
with 
О(х) = (х — 1)? (хє) 
S(x) = (х + 2)2 (xe А). 
These functions are compositions; for example 
Q=FoG 
where 
F(u) = и? (ue R) 
G(x) = x — 1 (x e R). 


The rule for differentiating composite functions gives 
Q'(x) = F(G(x)) x G(x) 
= 2G(x) x 1 
= Xx — 1). 
Similarly, we have 
S'(x) = 2(x + 2). 
The product rule therefore gives 
P(x) = Q'G)S(x) + О(х)$'(х) 
= (x — Dx + 2)? + (x — 1)22(х + 2) 
= 2(x — 1)(x + 2)(2x + 1). a 


Solution 3 

We know from our list of standard forms that 
sec’ 0 = sec 0 tan 0 

and 
tan’ 0 = sec? 0. 


It follows that 


2d $ —2d sec? 0 
t'(0) = — sec 0 tan 0 + Ee 
01 U2 
which defines г, since the domain is already given as С s. [ | 


12.4 SUMMARIES 
12.4.0 Summary of Unit 


We began the unit with revision of the idea of average rate of change. 
We considered distance and the average rate of change of distance, which 
we called the average velocity. The average velocity was shown to be 
inadequate as a measure of the instantaneous velocity, and a difficulty 
in this last definition was overcome by means of a limit process. We 
thus arrived at the definition of the derivative of a function at an element 
in its domain, and this was generalized to obtain the derived function. 
In the rest of the unit we developed techniques for differentiation. We 
obtained rules for differentiation of functions in the forms: 


ft+aef хр, TET and the inverse of a one-one function f. 


We then applied these rules to polynomial, trigonometric, exponential 
and logarithmic functions. 
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Solution 3 


12.4 
12.4.0 


Summary 
ke 


12.4.1 Summary of Rules and Formulas for Differentiation 


Rules for differentiation 


1 
2 
3 


If g = af, then g' = af". 
Ifh = f + g, then h' = f’ + g' (sum rule). 


If h = fg, then h' = f'g + fg (product rule). 


Ifh = t then л = fe- Ie (quotient rule). 
8 8 
Ifh = fog, then h’ = (f'o g) х g (composite function rule). 
1 
If f is one-one and g is the inverse of f, then f’ = us 


Standard derived functions 


de je Domain of f/ Remarks 

Xi x——mx"-! R mez* 
х9 x" xm mx™ 1 R without 0 meZ 
x> x” рее Rt meR 
x+— exp x X'—— exp x 

1 
x—— In x XE R? 

x 
x'——» sin x X> GOS X R 
X= COS X x-— — sinx R 


Some further derived functions (obtainable from the above) 


f 


Domain of f" 


X= SCC X 


xXt— —*cot x 


X! —»*€OSec x 


xt— sec? x 


Xi Sec X tax 


хэ cosec? x 


X= — “COSC x cot. x 


R excluding 
= ENTE 
ty t: m 
R excluding 
= n 7 3n 
+5, +5... 
К excluding 
ОЕ т, 3-2... 
К excluding 
О Ел 2. 
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12.5 APPENDICES (Not part of the course) кык аз 
12.5.1 Appendix I: The Leibniz Notation 12.5.1 
Appendix I 


Probably the most widely used notation for calculus is the one invented 
by Leibniz. In this notation, if x is a variable representing an element in 
the domain of a function, f, and y is another variable whose value is 
related to that of x by 


у = f(x) (xedomain of f), 


dy 
then we use the symbol E to stand for f'(x). That is, we define 


dy 
— = f’ ) i f f^. 
x f'(x) (xedomain of f") 


The advantage of the Leibniz notation is its conciseness; for example, 
the formula giving the derived function of x —— x? (x e R)can be written 


d(x^) =" 
dx 
instead of 
(x — х2) = (x> 2x). 


dy : ix : 
The process of calculatin um when y is defined as an expression involving 
= dx 


x (for example the x? in the above example), is called differentiating this 
expression with respect to x. Formally, we may say that to differentiate 
y with respect to x is to calculate f'(x) where f is the function defined by 


fx» 


The disadvantage of the Leibniz notation is that it contains some traps 
for the beginner, arising from the difficulty of assigning an independent 
meaning to the symbols dx and dy when they occur separately (rather 


Е 2—8 : = 
than locked together in the combination A Since the principles of 
x 
calculus can be understood without using Leibniz notation, it is not 
treated as an essential part of this Foundation Course. 
Thus the rules for differentiating sums and products in the Leibniz nota- 
tion become 
d(u-c v) du а 

dx =dx ах 

d(cu) dis 

—— = c—ifc isa constant 

dx dx 


(i.e. if x —— c is a constant function), 


d(uv dv d 
CO = u 


dx dx dx 


To express the rule for differentiating composite functions in this notation, 
let x, y and z be variables related by 


y = g(x) (x e domain of g) 
2 = f(y) (y e domain of f) 
so that 
g(x) = 2 (x e domain of g^), 


dz : 
fg) = (У) = 5 (y e domain of f"), 
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Then the rule for differentiating a function h defined by 
h(x) = f(g(x)) (x e domain of h) 


h'(x) = f'(g(x)) x g'(x) (xedomain of ^) 
which takes the simple form 


dz dz dy 


— = = x —, 
dx- dy dx 

This rule is called the chain rule and is easy to remember because one 

can think of dy as “cancelling out” from the expression on the right. 


The rule for differentiating inverse functions also takes a convenient 
form in this notation: it is 


dy 1 


dx  [dx| 
dy 
The proof is similar to the proof of the chain rule. We shall not go into 
details here. 


There is a very good discussion of the Leibniz notation on page 171 of 
T. M. Apostol, Calculus (see Bibliography). 


12.5.2 Appendix II: Differentiation of sin and cos 12.5.2 
Appendix II 
To differentiate sin we use the definition of a derivative, obtaining 


sin’ (x) = lim 
h> 


ү” (x + h) — sin : 
0 


һ 


= lim 
h~O 


sin x cosh = cosxsinh sinx 

h h h 
Collecting together the parts that are proportional to cos x and sin x, we 
have: 

"RE . sinh Е . cosh — 1 
sin’ (x) = cos x lim —— + sin x lim ————— Equation (1) 
no h h-^0 

(since cos x and sin x are independent of h). The evaluation of the limit of 
sinh 


at 0 can be demonstrated on the diagram: 
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The arc PQ subtends an angle h radians at the centre O of the circle, which 
has unit radius. PR is a tangent and OQR isa straight line. In this diagram 
there are three areas that can be simply expressed in terms of the angle 
h and its trigonometric functions: 


triangle OPR = + x base x height = 3OP x PR 
= ФОР x OPtanh = $tanh 


i 
shaded sector OPQ — = x area of circle 


Ut x лОР? = ih 
2л 


triangle OPQ = 5 base x height 
= 10Р х OOsinh = $sinh. 


i ч-сын с п 
Geometrical intuition tells us that (i О <А =< ; 


triangle OPQ < sector ОРО, і.е. 3 sinh < +h 
and 


sector OPQ < triangle OPR, i.e. $h < 4 tanh. 


The fact that we are relying on geometrical intuition here means that the 
result of this appendix is demonstrated, not proven, after all, the definition 
of sin that we are using is itself geometrical. The whole argument, in- 
cluding the definition of the trigonometric functions, can be made rigorous 
without any reliance on geometrical intuition. 


Since we are assuming h > 0, we may multiply both sides of the inequality 
lsinh «ih by - and since we are assuming h < = which (with h > 0) 
implies cosh > 0, we may multiply both sides of the inequality 
lh < 4tanh by — 


. Combining the two resulting inequalities we 


obtain : 
cosh < ЭЕ” <1 (<<) 
1 


(For the rules for the manipulation of inequalities see Unit 6, Inequalities.) 
sin / А : 
Since both cos h and ES stay the same when the sign of h is changed, 
1 
these inequalities imply 


"i Si She 
h 2 


We know from the geometrical definition of cosh that we can make 
cos h as close to 1 as we please by making h small enough, i.e. that 


lim cosh = 1. 
h>0 


in h ; 
When |h] is very small, therefore, the value of e: is sandwiched in between 


inh 
1 and a number whose limit is 1. It follows that T must also have the 
limit 1 near 0: 


sinh 
lim —— = 1 
ome h 
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Equation (2) 


To evaluate the other limit in Equation (1) we reduce it to the preceding 
one, obtaining 


. cosh—1 |. 2sin?ih 
lim — = lim ———— 
h~>0 h~>0 h 
Т h. [sin >л}? 
+02 th 
: ih 2 
= lim = x Е | 
h-*0 һ»0 zh 


= 0 х 12 = 5 
since lim and lim аге the same, by the definition of a limit. From 
h^0 (1/2)h^0 
Equations (2) and (3) in Equation (1), we have 


sin(x) = cosx (хє К). 


12.5.3 Appendix III: Evaluation of lim 


h-0 


We use the definition of exp given in Section 7.4.1 of Unit 7, Sequences and 
Limits I, obtaining 


(us -: 
е'— 1 З п 
< = б = Б 
nlarge 
h? n—=1 hn 
h+— ДЕСЕ 
= lim = 
nlarge h 


by the binomial theorem. If h > 0, the numerator satisfies : 
h? hh 
h € numerator « h Ex Te *- 
<h+h?+---+h" 


1—h" h Я 
— < ——— s 
LET provided h < 1 


=h 

On using these inequalities in Equation (1), we find that 
et — 1 1 

1< << 

h 1—h 

If h < 0, a similar method shows that 


е” — 1- һ 
> > | —- ——_. 
: h ; 1—h 


when 0 < h< 1. 


Now we know that lim —— = 1 and that lim 1 — 1 = ]. Thus, 


h~O =? h~O = 


е* 1 


whether h is positive or negative, when it is very small the value of 
must be very close to 1, and we conclude that 


h 
= 
£ = 


lim 
h>0 
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(See RB10) 


Equation (3) 


12.5.3 
Appendix Ш 


Equation (1) 


(See RB8) 


DIFFERENTIATE 


DIFFERENTIATE 


— oe 


Unit No. 


© со з С хл Бо м 


МО ТЕХТ 


МО ТЕХТ 


МО ТЕХТ 


МО ТЕХТ 


Title of Text 


Functions 

Errors and Accuracy 
Operations and Morphisms 
Finite Differences 


Inequalities 

Sequences and Limits I 
Computing I 
Integration I 


Logic I — Boolean Algebra 
Differentiation I 
Integration II 

Sequences and Limits II 
Differentiation II 
Probability and Statistics I 
Logic II — Proof 
Probability and Statistics II 
Relations 

Computing II 

Probability and Statistics 11 
Linear Algebra I 

Linear Algebra П 
Differential Equations I 


Linear Algebra ПІ 
Complex Numbers I 
Linear Algebra IV 
Complex Numbers II 
Groups I 

Differential Equations II 


Groups II 

Number Systems 
Topology 

Mathematical Structures 


